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From the second law to the TUR

> of thermodynamics: system in contact with thermal environment T'
A

e AS change in entropy of system
o AQ heat transfer system — environment

e X>0 L change in entropy of universe
» valid for

» however: no quantitative statement about ¥
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From the second law to the TUR

P in many cases: about system

» for example: steady state, overdamped/underdamped diffusion, Markov process ...

» how are of system related to X7
> (TUR) [BS15, GHPE16]
2(J)?
3>
~ Var(J)

e J time-integrated current (particle displacement, heat flow, ...)
e (J) average value of J
o Var(J) = (J?) — (J)? variance (fluctuations) of J

» non-zero lower bound on ¥ —

» valid in of time-reversal-even, continuous-time Markov process
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Different perspectives on the TUR

> between precision and dissipation [PS18, DS18]

J)2 . . ..
o P;= \;TZJ) dimensionless measure of precision of current

e TUR: P, < %
e large precision requires large dissipation

> from measurable quantities
[LHGF19, MGK20, OIDS20, VVVH2(]

e in many cases: difficult to directly measure
e (J) and Var(J) experimentally accessible

e |ower bound on entropy production — can be tight
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Overdamped Langevin equation

» Brownian particle at position (t) = (z1(t), z2(t), z3(t)) in contact with heat bath T

v (t) = F(x(t)) + /27TE(t) ~: friction coefficient F(x): force

» £(t) Gaussian white noise: force with (£(¢t)) =0, (&(¢)&;(s)) = 6;;0(t — s)
> to Langevin equation: for probability density p;(x)
Ope(x) = -V - (Vt(w)pt(m)) vi(x) = %(F(m) -7V lnpt(a:))

P stochastic equation of motion — deterministic equation for probability
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Path probability for Markovian dynamics

» time evolution is . independent of the “history”
p(x, tly, s; z,r) = p(x, t)y, s) for t>s>r
» probability density of a factorizes
P(2) = p(xn, ty|eNn—1,tN—1)p(EN -1, tN—1]|EN 2, tN—2) - - . P(T1, L1]Z0, L0) Pty (T0)
» for Langevin equation and short time-difference dt < 1: explicit expression

1 1 2 T
P [_4DdtH$_y_7F(y)dtH } b=

p(x,t + dt|y,t) ~ 5

—5 €
(47 Ddt)?
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Time reversal and entropy production

» intuitively: entropy production 3 quantifies
» consider time-reversed path & = ((xo,t0), ..., (zxn,tn)) = 2T = ((zN,t0),-- -, (x0, tN))

> entropy production via probability of time-reversed path

S =Y P@@)ln (5(?)) = D (P(2)[IP(21))

paths

» Dk Kullback-Leibler divergence: measures of two probability densities
Dk (P||Q) > 0 with “=" only if P = Q

» if P(&") # P(&) for some paths: positive entropy production ¥ > 0
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Connection to thermodynamic entropy

» for Langevin equation: use short-time transition probability

5= % </O dt Fa(t)) o ¢(t)> +s;—/_50/ with

AQ AS

Sp = — /dm pi(x)log (p(x)) Shannon entropy, o Stratonovich product

» definition in terms of path probability reproduces

» alternative expression: magnitude of local mean velocity

DR / "t / da ||vi(@)|*p ()
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Currents
» stochastic heat AQ: example for time-integrated current

AQ, = / dt F(z(t)) o (1)
0

» more general: weighting function w,(x),

we(x) = é; displacement in x; direction

wy(z) = "tém) stochastic entropy production

Jr = /0 dt w(x(t)) o &(t)

» average value given by
(J) :/ dt/dm wy(x) - v(x)pe(x)
0

» practical relevance: currents are consequence of local flows
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Steady-state and invariance under current-rescaling

» from now on: focus on pe(x) = Pt (x)
—00
1
Op™(x) =0=-V- (v*(z)p™(x)), v (x) = ;(F(az) — TV Inp*(x))
» invariant under of local mean velocity v*t(z) — v*%%(z) = vt(x):

steady state p*(x) for all # € R

» average of time-integrated current
<JT>€ = T/dm w(z) - VSt’G(m)pSt(x) = 0(J7)
> same as G (x)

v (x) = vt (x) + (0 — D)vst(x) = %(F(az) + — TV Inp*(x))
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Continuous time reversal

» write down Langevin equation with new force

vi(t) = F(2(t) + G ((t) + V20TE(1)

> steady state, but local mean velocity
e 0=+1: () = v(x) system
¢ =0 "x)=0=%"=0 system
e =1 " (x) = -t (x) system

» can show Dy (P?=~!(&)|P(z')) =0

» continuous operation connecting forward and time-reversed process
=

> of the steady state of a Langevin equation
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Intermission: Cramér-Rao inequality

» consider probability density p?(w), w € Q state space, § € R
(z)? = /dw Z(w)p?(w) average of Z(w) at parameter value

» Cramér-Rao inequality
2

(%(2)°)

Vare(Z) <%= /dw (89 lnpe(w))2p9(w)

» interpretation: about 6 from measuring Z < information contained in p?(w)

» proof: Cauchy-Schwarz inequality
2
@ni2)%)" = ( [ aw (20) - 2)00mp* ")
< /dw (Z(w) — (Z)a)Qpe(w)/dw (Do lnpe(w))on(w) =Var®(2)1°
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Application to Langevin equation
» need to choose €2, § and Z
e (2 space of trajectories & = p(w) = P(&) path probability density
e (): “continuous time reversal” parameter
e / = J, time-integrated current
» let's calculate!
o ()0 = 0(J) = 9p(J;) =

(Jr)
o I'= [d& (9p InP’ (& )) ?(z)

» recall expression for transition probability

pe(a:,t+dt|y,t): —y—;(F(y)—i— )dtH2]

1 H
—5 X — — ||
(47 Ddt)2 P { 4Ddt

and PG(JAZ) = pe(ﬁcN,tNl.’BN_l,tN_l) .. .pe(ml,tﬂmo,to)
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Path Fisher information

N-1 1 ~a(t)dt 1 2
(9o ln]P"g(:iz))2 = < oo \ Thtl — Tk ——(F(z) + Gg(wk))dt) . 39G9(wk)>
o 27 0
~\/2DE(t)dt
5 (BIP'()° = 2])172 (/0 dt 9,GO (2(1)) - )(/0 ds 0 G° (w(s)) - )
GOGE) =dudt=s) = = {(@nP@)") = 75 / at (||onG =(0)*)

> use definition of G?(z) = v(0 — 1)v°(x)

_ T st 2 st 71
Iy = 2D/d:c |l (@) || p™ () = 22 !
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Thermodynamic uncertainty relation

» use Cramér-Rao inequality

2

Oo())" o ()

7 = 0 <
Var’(J;) Var’(J;)

1
=3
2

» true for every § € R, in particular for § = 1 (original system)

(J:)*

Var(J;)

IN

1
=3

2

» information-theoretic interpretation of TUR [Dec18, HVV19]

e continuous time-reversal parameter 6 changes
e left-hand side: about flows contained

e right-hand side: about flows contained in
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Equality condition - finite times
» can we find J; that gives an equality?
» in general: ?
» reason: out of equilibrium

L2 )

Y
Var(J-) = Var®(J,)

IN

1
Var(J,) > Var’(J,) ast—oco = 3

> VarO(JT) fluctuations of J. in

» however: can have equality in the second inequality [DS21a]

J)? -
% ==X for J. =X, stochastic entropy production
Var'(J.) 2
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Equality condition - short times
» for . explicit expression for variance of J, [MGK20, OIDS20]

Var(J;) ~ 2DT/dw ||w(w)”2p5t(a:) ~ Var’(J,)
» independent of # — same in original system and (6 = 0)-equilibrium system

» can always find J. with in the TUR at

» in this case: just Cauchy-Schwarz inequality

(J7)? = (T/dw w(z) ~V“(96)p“(sr:))2
<3 (207 [ @)@ ) (5 [ el @)ra)
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Tightness of TUR

» generally not equality: how is inequality?

2<JT>2 Zlower bound
7’]‘]7_ = =
Var(J,)% )

<1

» biased diffusion: 7y, =1
» periodic potential with bias F: n;_ ~ 1 for small and large F', n;_ 2> 0.2
» various molecular motor models: 7; = 0.1 ~ 0.4

» generally 1y, ~ 1 requires of observable
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Markov jump processes

» TUR not only works for Langevin equation, but also for

» discrete state space i € {1,..., N}, probability p:(i) to be in state i at time ¢
W (i,j) > 0 transition rate from state j to state ¢

dip(i) = 3 (WG i)pe() = Wipe(@) - =2 0= (W )p™() = W(5,0)p™ ()

» time-integrated (counting current) defined as

JT:/OT w(i(t +dt),i(t)) with w(i,j) = —w(j,1)

» steady state average of current
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Markov jump processes - continuous time-reversal

» define “local mean velocity”

V) = 5 (W - WGED) = () = w0 G)

» steady state

>

of V=t(i, j) —

rest of proof as for Langevin case, but

197

*Z

<Zizj(Wz

> W (j, D)p* (i)
G) + W, )pt (i)

VO, 5) = 0V(i, j)

“pseudo-entropy production” [Shi21]

*(j) — W(j,i)p™()) In <W) _ %2
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Markov jump processes - TUR

» same as for Langevin equation
9p(J,)0)? 2 5
%%) < ¢ # < 12 = <‘];> < 12
Var’(J;) Var’(J,) ~ 2 Var(J;) ~— 2

» same interpretation: tradeoff between currents, fluctuations and dissipation

» derivation involves additional inequality = generally
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Intermediate summary

» TUR from information-theoretic Cramér-Rao inequality

» required ingredients
e steady state invariant under uniform rescaling of local flows
e [isher information of local flows <+ entropy production

» two types of generalization

e tighter bounds under same conditions

e extension to systems violating above conditions
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TUR with higher order cumulants

» TUR only depends on (average) and (variance) cumulant of current
» tighter bound using cumulants?

» cumulant generating function

h? h3 3\ ht 4
— hde-\ ~ n - _ - _ _ 2
Ko, () = In (€7) = h(J;) + S Var(J,) + ((Jr = (=) >+24 ((( = (I)") = 3Var(J)?) + ..
Rs(Jr) Ra(Jr)
» higher-order cumulants measure fluctuations of current

» cumulant generating function closely related to large deviations
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Intermission: Kullback inequality
» consider probability densities p? (w) and p?2(w) > 0

K% (h) =In ( / dwehZ@)ph (w)) —In ( / dweh?(«@) pz; EZ; 2 (w))

p
01
nz@ P W) g _ ) 62 11,0
> [[awmn (2O I ) = 1(2) - D (6" 157)
> . lower bound on KL divergence

Dy (p* ") > sup (h(Z>‘92 - K?Ul))

» includes Cramér-Rao inequality as special case

@

I9
2

-DKL (p9+d9 ||p9) ~
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Application to Langevin equation
» as before: @ continuous time-reversal parameter, p?(w) path probability, Z(w) current

(62 — 61)?

(J)% =0,(J;)  and Dy (P*|P") = i

D)

» lower bound on cumulant generating function
(62 — 61)?
4
» maximize with respect to 0y — lower bound [BS15, GHPE16]
h2(J;)?
by

K% (h) > 1y (J,) >

K5 (h) > ho (J;) +
» define cumulant generating function of
h2

0 R(J—=(J,;)® 9_ 0 0
KéJT(h):ln<e( < >>> = KY(h) — h{J,) = EZ(JT>2SI:me
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Higher-order TUR

» similar to TUR: bound on ¥ in terms of [DS21a]

h? h? 2(J,)?

¥ > (J)2sup —— > (J)? i =T
= {Jr) Slilzp Ksy, (h) = {r) h0 Ksy, (h)  Var(J;)
_Ur—=()?
» generally than TUR, same as TUR for P(J;) ~ e 2000
h2

Ksy, (h) = ?Var(JT)

> for stochastic entropy production J, = $.and h=—1

Ky (-1)=In <e—if> =0 =  Ke (-)=(&)=3

» same results for Markov jump process
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» instead of single current J: of currents J; = (J1,7y..., JK 1)

» Cramér-Rao inequality for vector observables

(00(2)%) - (E%) ' (00(2)%) < I
(Eez)ij = Cov?(Z;, Z;)

> for different currents: always than single current [Dec18]
_ -1 1
(Jr)-(By) (Jr) < 52

» for two currents Jy ; and Ja ;

(J1,7Y*Var(Ja ;) — 2(J1 +)(J2,-)Cov(J1 7, Jo ;) + (Jo)*Var(J; ;)
Var(Jl,T)Var(Jg,T) — COV(JLT7 J2’7)2

<ix
-2
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Correlation TUR

» time-integral of observable (not a current)
zo= [Lasen) s (20 =7 [de @) - (2
0

» independent of time-reversal parameter 6: 89<ZT>9 =0

» similar result as for two currents [DS21b]

2 2
Var(J;) Var(J,) (1 3 Cov(Jy, Z;)? ) 2
T Var(J)Var(Z;)
<1
» tighter bound from of current with observable Z,
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Time-dependent TUR

» so far: generalizations for of Langevin/Markov jump dynamics

» how about systems?

Opi(x) = =V - (ve(x)pe())

» as before: of local mean velocity v{ (x) = Ov,(x) = 1% = 1%
» main challenge: time-dependent state p)(x) # pi(x)
» intuitively: changing velocity changes of time evolution
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Time-dependent TUR: time-rescaling
» central idea: overall change in evolution speed — change zll timescales of system
e internal time scales Tin: oc 1/1f o< 1/

overall time 7 — 7/6
e same scaling for external ( ) time scale Tprot < 1/0

Z0)

—

Tprot/e Tprot

» effect on currents: rescaling of
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Time-dependent TUR

» use Cramér-Rao inequality: TUR for time-dependent systems [KS19, KS20]

(rdo ()" _

Var(J;) >

N |

» in steady state (J;) = 7(J) = 7d.(J;) = (J;): recovers TUR
» also works for non-current observables

» measure response of observable to changing measurement and protocol time
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Other generalizations of the TUR

> Langevin equation (steady state) [LPP19, VVH19b, Dec22]
ROACN
< =X + other terms
Var(J,) ~ 2
e additional terms: related to (dynamical activity) or
e usual TUR can be violated: can reduce fluctuations [Pie22]
> Markov processes (steady state) [LGU20]
(J)? 1
Var(J-) ~ 2Pqy
° PST;;: minimal probability for state in one step
e continuous time HT;;,‘ =1— O(dt): recovers TUR

31/39



Introduction TUR for overdamped Langevin dynamics Generalizations of TUR Summary and references

000 000000000000 000000 0000000000 0000000
\

Other generalizations of the TUR

» time-delayed systems [VVH19a]

» magnetic systems [CFS19, PP21, Dec22]

» open quantum systems [Has20, Has21, VVS22]
» TURs for excess and housekeeping entropy

> ..
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Summary: Thermodynamic Uncertainty Relations

» TUR: tradeoff between in steady state Markovian dynamics
> version of the . positive lower bound on entropy production
» estimate entropy production from quantities (currents)
» derivation relies on

e entropy production characterizes I’

e steady state under rescaling

» generally no equality condition — various

v

relax above conditions — generalizations
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Beyond the TUR

» TUR one example of

» other types of lower bounds on ¥

. > w; d Wasserstein distance, total variation distance, ...
[AMMMGL11, SFS18, FE20, VVH21, NI21]

o lower bounds from of transitions [SD21]

» inequalities not related to X

e kinetic uncertainty relation: [DTB18]
L Tinitial—final > 7 [Ito18, 1D20, YI21]
e tradeoff relations between and [DS20, FED22]

» why study inequalities?
° on what can and cannot happen

e establish relations between
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