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Policy of this tutorial
• Do not assume any prior knowledge on information geometry 

and differential geometry as well

• Only focus on the basics of information geometry such as 
dually-flat structure. 

• Prioritize intuitive understanding rather than accurate 
understanding.



Overview
• What is information geometry?
• Quick introduction to differential geometry
• Basics of information geometry
• Dually flat structure
• Applications



Information geometry
• Information geometry aims to elucidate the 

geometry of the space of probability 
distributions.

• Mainly developed by Shun-ichi Amari.

• Applied to diverse research fields including 
machine learning, signal processing, 
neuroscience and physics, where probability 
distribution matters.

Shun-ichi Amari



Information geometry in stochastic thermodynamics

(Ito, Oizumi, Amari, 2020, PRR)

Entropy production can be interpreted as the orthogonal projection in the 
Riemannian space of probability distributions.



What is information geometry?
Normal distribution

Parameters

Space of normal distributions
Coordinates

Information geometry aims to elucidate the 
geometry of the space of probability 
distributions.
• Is it flat (like Euclidean space) or curved?
• What are the natural coordinates?



Why information geometry?
orthogonal
projection

• provides a unified understanding of 
(existing) different quantities or 
algorithms.

Why is understanding the geometry useful?

• even leads to a novel quantity or 
algorithm from the viewpoint of 
information geometry.

quantity: decomposition of KL divergence
algorithm: natural gradient 

e.g. 

natural gradient:
steepest gradient in distribution space



How can we analyze the geometry?
Normal distribution

Space of normal distributions
Coordinates

Differential geometry is used for 
analyzing the geometry of the space of 
probability distributions!



Overview
• What is information geometry?
• Quick introduction to differential geometry
• Basics of information geometry
• Dually flat structure
• Applications



Quick introduction to differential geometry
Tangent space Manifold: Locally Euclidean 

space but has a different global 
topology. e.g. the surface of a 
sphere.

Tangent space

coordinates

coordinates of the manifold

tangent vectors of a tangent space
(basis vectors)

We consider tangent spaces at every 
point in the manifold. A tangent space is 
an infinitesimally small space, which can 
be considered as Euclidean space.



Quick introduction to differential geometry
Tangent space What determines the geometric 

property of the manifold?

Tangent space

1. (Riemannian) Metric

2. (Affine) Connection

determines the “local” distance. 
If a metric is positive definite, it is called 
Riemannian metric.

connects the nearby tangent spaces

coordinates

If the connection is expressed as the linear 
transformation, it is called Affine connection.



Riemannian metric

Tangent space

coordinates of the manifold

tangent vectors of a tangent space

The distance between                                    in    

Riemannian metric is given by the inner product of 
tangent vectors

positive definite matrix



Affine connection
Two nearby tangent spaces

Basis vectors are different and belong to different 
spaces. Affine connection

Covariant derivative

Tangent space



Example: 2D surface of a 3D sphere

Riemannian metric

Affine connection

When we consider a manifold embedded in a Euclidean space, we 
can simply compute the metric and connection by differentiation.



General case

1. Riemannian metric

Tangent spaces

In general, we consider the case where we 
do not know what kind of space the 
manifold is embedded in. 

2. Affine connection

Interestingly, only with the metric and 
connection, we can know whether the 
manifold is curved and the curvature of the 
manifold. (Gauss’s Theorema Egregium)

Only the metric and connection of 
the manifold are given.



Connecting tangent spaces

Tangent spaces

It is like a patchwork. Nearby spaces are 
different. To connect nearby spaces and 
constitute the entire space, we need the 
affine connection and the Riemannian metric.



Parallel transport Consider a vector field 
along curve         connecting P and Q.

Then, the covariant derivative of A(t) 
along the curve is computed as

Parallel transport of A(t) along the curve is 
defined as the covariant derivative being 0



Geodesic The tangent vector of curve 

When the covariant derivative of the tangent 
vector of curve along itself does not change, 
the curve is said to be a geodesic.

A geodesic is a natural extension of “straight 
line” in Euclidean space.



Levi-Civita (Riemannian) connection
We could consider the metric and the connection separately but is there 
some natural way to determine the connection from the metric?

A standard way to determine the connection is imposing the following two 
equivalent conditions.

1. The inner product of two vectors does not change by parallel transportation,

2. A curve that connects two points by a minimal distance is a geodesic.

Levi-Chivita (Riemannian) connection is given by



Overview
• What is information geometry?
• Quick introduction to differential geometry
• Basics of information geometry
• Dually flat structure
• Applications



Metric and connection in the manifold of distributions

Space of normal distributions
Coordinates

What is the metric and connection in the 
manifold of probability distributions??

You can choose whatever you like!

Is there any reasonable choice for the 
metric and the connection?

Information geometry answers yes! 



If a simple Euclidean distance is used, 
distance |AB| = |CD|

But…
distance |AB| and |CD| should not be 
the same.

A different metric of distance is 
necessary.

Figures adapted from https://unit.aist.go.jp/airc/docs/seminar02-akaho.pdf

Metric in the space of probability distributions



Fisher information and Cramer-Rao bound

(Rao, 1945)

Fisher information matrix

Cramer-Rao bound

Fisher information matrix determines the lower 
bound of variance of any unbiased estimator.

C. R. Rao

Rao discussed the idea of regarding Fisher information as a Riemmanian metric.

Fisher information matrix is positive definite.



What about the connection?

Tangent spaces

Fisher information matrix only gives a “local” 
distance between two nearby points.

But, it does not give us any information 
about a “global” distance between two far 
points and how tangent spaces should be 
connected.

We need something else. 

Is there any reasonable “distance” measure 
between two probability distributions? 



Kullback-Leibler divergence

Kullback-Leibler “divergence” is not a distance because this is not symmetric.

When we get N samples from the probability distribution p, the probability 
where the estimator of p is equal to q is given by

Sanov Lemma

true
estimator



Metric and connection derived from divergence

Consider the KL divergence between the close points
and expand it around  

Fisher information metric can be derived from the second derivative of 
KL divergence.



Metric and connection derived from divergence

We can derive the Fisher information metric and the dual affine 
connections from the KL divergence.

Fisher information metric
(second derivative)

Dual affine connections
(third derivative)

Symmetric cubic tensor

The dual affine connections is related to the Levi-Civita connection         . 

: parallel transport using 



Dually flat structure

Fisher information metric

Dual affine connections

KL divergence

Looks complicated but we can prove that the manifolds with the above dual affine 
connections are both flat. There exists dual coordinate systems                where the 
affine connections are 0 at every point. Such coordinate systems are called affine 
coordinates.

Dual affine coordinates



What is the benefit of dually flat manifold?
A dually flat manifold can be considered as a generalization of Euclidean space.

With the affine coordinate (          ), the parallel transport of a vector is simple.

Similarly, the geodesic is just a linear form of the affine coordinate.

Whether a submanifold S is flat is simply judged. S is flat when S is defined by a 
linear constraint of the affine coordinate

It is analogous to a “plane” in Euclidean space.



Generalized Pythagorean Theorem

geodesic between Q and R

dual geodesic between P and Q

Dual affine coordinates

When triangle PQR is orthogonal such that the dual 
geodesic connecting P and Q is orthogonal to the 
geodesic connecting Q and R, the following 
generalized Pythagorean theorem holds



Projection theorem

Thus, q* is the point that minimizes the KL divergence 
between p and the submanifold S.

orthogonal
projection

Flat submanifold S

When S is a flat submanifold, the Pythagorean 
theorem holds for any point q in S,

Consider the orthogonal (geodesic) projection from 
the point P to the submanifold S. Let the foot of the 
perpendicular line be q*.  



Constructing information geometry
Kullback-Leibler divergence

Fisher information metric
Dual affine connections

Dually flat structure

General divergence

Metric

Dual affine
connections

generalize

What kind of structure?



Constructing information geometry

f-divergence

Metric

Dual affine
connections

Not flat in general but only when KL divergence is used, the manifold is dually flat.

Requirement of invariance and decomposability

Fisher information metric!!

KL divergence is the only divergence that is decomposable, invariant, and flat.

e.g. Hellinger distance, KL divergence, 
α divergence, etc.
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• What is information geometry?
• Quick introduction to differential geometry
• Basics of information geometry
• Dually flat structure
• Applications



Exponential family distribution

Introducing

we can rewrite the exponential family distribution as



Exponential family distribution
Exponential family distribution

Example 1: normal distribution

Example 2: discrete probability distribution



Convex functions in dually flat manifold
Theorem. In a dually flat manifold, there exists two convex functions              
that are related to two affine coordinates               by Legendre transformation

Theorem. In a dually flat manifold, a canonical divergence between P and 
Q is uniquely determined.



Convex functions, affine coordinates, and canonical 
divergence in exponential family distribution
Exponential family distribution

Dual convex functions

Free energy

Entropy

Dual affine coordinates

convex function with respect to θ

convex function with respect to η

the expectation of x

Canonical divergence

Kullback-Leibler divergence



Overview
• What is information geometry?
• Quick introduction to differential geometry
• Basics of information geometry
• Dually flat structure
• Applications
• Projection theorem
• Length measured by Fisher information metric



Geometric interpretation of entropy production

(Ito, Oizumi, Amari, 2020, PRR)

Backward manifold

Entropy production is the minimized 
divergence between the point p and the 
backward manifold

flat submanifold

transition probability

Joint probability distribution



Hierarchy of entropy production

(Ito, Oizumi, Amari, 2020, PRR)

The local backward manifold

The partial entropy production of subsystem 
X is the minimized divergence between the 
point p and the local backward manifold

The transition probability of subsystem X

From the projection theorem and the geometric interpretation, we can 
graphically understand the relationship between the total entropy production 
and the partial entropy production.



Natural gradient
Consider a regression problem (or machine learning) where we try to find the 
optimal parameters of a probabilistic model that minimizes a training loss.

training loss

A simple way to optimize the parameters is the “steepest” gradient descent.

(Amari, 1998, Neural Computation, cited by 3614)

However, this is not the steepest direction in the parameter 
space. As we see, the length in the parameter space should 
be measured by Fisher information matrix.

The “actual” steepest descent in the parameter space is given by

Fisher information matrix



Thermodynamic length in equilibrium systems

(Crooks, 2007, PRL)

Canonical distribution (a system at equilibrium)

For example, in the isothermal-isobaric ensemble
dual affine coordinates

: free entropy : entropy dual convex functions

Legendre transformation

Crooks defined a thermodynamic length (Weinhold, 
1975) as the length of a curve on the Riemannian 
manifold of the thermodynamic state space

: Fisher information matrix



Thermodynamic length in non-equilibrium systems

(Ito, 2018, PRL)

Master equation
conjugated 
thermodynamic force

discrete probability
distribution

thermodynamic length

Ito clarified connection between information geometric quantity and thermodynamic quantities in 
non-equilibrium systems. He also derived a thermodynamic uncertainty relationship between 
speed and thermodynamic cost (the topic of the next tutorial). 



Summary
• Information geometry characterizes the geometry of the manifold 

of probability distributions.

• The manifold of exponential family distributions has a dually flat 
structure whose metric is Fisher information and divergence is KL 
divergence.

• By utilizing the geometric properties of the manifold, we may be 
able to obtain a deeper understanding of various quantities in 
stochastic dynamics and even yield novel quantities or inequalities.


