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Modern approaches to quantum thermodynamics

Various experimental platforms for quantum thermodynamics

An et al., Nat. Phys. (2015)

Theoretical approaches:

Trapped ions Superconducting 
qubit

Masuyama et al., 
Nat. Commu. (2018)

Koski et al., PRL (2014)

Single electron

✓ Stochastic thermodynamics
✓ Resource theory of thermodynamics
✓ Quantum many-body physics

Trotzky et al.,  Nature Phys. (2012)

Ultracold atoms

NMR

Camati et al., PRL (2016)
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1=−e

Second law Entropy production is non-negative on average

Fluctuation theorem Universal relation far from equilibrium

Second law as an equality!

Classical Quantum (Ion-trap)

J. Liphardt et al., 

Science 296, 1832 (2002) 

A. An et al., Nat. phys. 11, 193 (2015) 

RNA
Universally holds in various setups:

Dissipative dynamical,
Classical Hamiltonian, 
Classical Markov (Markov jump and Langevin),

Quantum Unitary, 
Quantum Markov (Lindblad), …

Second law and fluctuation theorem



Generalized Second Law with Feedback

Engine
Heat 
bath

F

extW
Work

IInformation

Feedback

The upper bound of the work extracted by Maxwell’s demon is given by 
the quantum-to-classical (QC)-mutual information.

TS and M. Ueda, PRL 100, 080403 (2008)
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The corresponding fluctuation theorem:
𝑒𝛽 Δ𝐹−𝑊 −𝑖QC = 1Funo, Watanabe, & Ueda, PRE 88, 052121 (2013)

Review: Funo, Ueda, & Sagawa, arXiv:1803.04778, published in “Thermodynamics in the Quantum Regime” (2018)



Second Law under Various Feedback Setups

Generalized fluctuation theorem: 𝑒−𝜎−𝑖 = 1

𝜎 : Entropy production
𝑖: Relevant Information

stabilize desired quantum state via feedback loop

✓ Target of our research

C. Sayrin et. al., Nature 477, 73-77, (2011)

✓ Prospective quantum control method

Classical 
system

Quantum 
system

Single
measurement and feedback

Continuous
measurement and feedback

Mutual information Transfer entropy
TS and M. Ueda, PRL 104, 090602 (2010)

QC-mutual information
K. Funo et al., PRE 88, 052121 (2013)

TS and M. Ueda, PRE 85, 021104 (2012)

Generalized Second Law: 𝜎 ≥ −⟨𝑖⟩

？

Quantum system under continuous 
measurement and feedback

T. Yada, N. Yoshioka, and T. Sagawa, 
PRL 128, 170601 (2022)



Second Law under Continuous Feedback

𝜎 ≥ −⟨𝑖QC⟩
Generalized Second Law

Total entropy increase of system and heat bath

• Entropy production 

𝐼QC: QC-mutual information

• QC-transfer entropy

Measurement 
and feedback Single Continuous

Classical
system

mutual 
information

transfer 
entropy

Quantum
system 

QC-mutual 
information

QC-transfer 
entropy

Conditional accumulation

𝑖QC ≡ σ𝑛σ𝑌𝑛
𝑃[𝑌𝑛]𝐼QC 𝜌𝑡𝑛

𝑌𝑛: 𝑦𝑛+1

Stochastic master equation

… …

… …

Heat bath 

System  

𝑦𝑛−1
Measurement 
apparatus

𝑡𝑛 𝑡𝑛+1𝑡𝑛−1

𝑌𝑛: outcomes until 𝑡𝑛

𝑦𝑛 𝑦𝑛+1

Feedback 𝑌𝑛
in [𝑡𝑛, 𝑡𝑛+1)

interaction

Time
(𝑡𝑛 ≡ 𝑛 Δ𝑡)Dynamics of the system

Total information transfer by continuous measurement

𝜎 ≡ Δ𝑆𝑠𝑦𝑠 + 𝛽𝑄

……

𝜌𝑡𝑛+1
𝑌𝑛+1 = 𝜌𝑡𝑛

𝑌𝑛 + σ𝑦 Δ𝑁𝑦𝒢[𝑀𝑦]𝜌𝑡𝑛
𝑌𝑛

+Δ𝑡 ቄ

ቅ

−𝑖 𝐻𝑡𝑛 + ℎ𝑡𝑛 , 𝜌𝑡𝑛
𝑌𝑛 + σ𝑑𝒟 𝐿𝑑 𝜌𝑡𝑛

𝑌𝑛

+ σ𝑦 tr 𝑀𝑦𝜌𝑡𝑛
𝑌𝑛𝑀𝑦

† 𝜌𝑡𝑛
𝑌𝑛 −

1

2
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†𝑀𝑦 , 𝜌𝑡𝑛
𝑌𝑛}



Fluctuation Theorem under Continuous Feedback

𝑒−𝜎−𝑖QC = 1

Generalized Fluctuation Theorem 

Experiment-numerics hybrid verification method

Experiment 
① Sample trajectory 𝜓𝜏

Numerics

② Calculate 𝐹 𝜓𝜏
for each trajectory 𝜓𝜏

③ Average 𝐹[𝜓𝜏]
∵ 𝐹 = ⟨𝑒−𝜎−𝑖QC⟩

K.L. Viisanen et. al., New. J. 
Phys. 17, 055014 (2015) 

Reveal the relationship between thermodynamics 
and information at the trajectory level

Experimental detection 
of single quantum jump 
is becoming possible

𝐹 𝜓𝜏 ≡ σ𝜋𝜏

𝑃 𝜓𝜏,𝜋𝜏

𝑃 𝜓𝜏
𝑒−𝜎−𝑖𝑄𝐶

𝒆−𝝈 ≠ 𝟏

𝒆−𝝈−𝒊𝐐𝐂 = 𝟏

Protocol to evaluate 𝑒−𝜎−𝑖QC in a real experiment with the help of auxiliary numerical calculation 

Numerical demonstration

(analytically derived)

𝑦𝑛−1 𝑦𝑛 𝑦𝑛+1

𝑑𝑛−1 𝑑𝑛 𝑑𝑛+1

𝜓𝜏
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Bloch group,  Nature physics (2012)

Experiments:

Thermalization of isolated systems 

Numerical simulation:

Exact diagonalization

Hard-core bosons

M. Rigol et al., Nature 452, 854 (2008)

Superconducting qubits

Martinis group, Nature Physics (2016)

Ultracold atoms



A pure state can reach thermal equilibrium after 
(reasonable) relaxation time by unitary dynamics

When and why ത𝑂 ≃ tr[𝑂𝜌MC] ?

Long-time average Microcanonical average

Quantum ergodicity

Long time average ത𝑂

𝑡

〈𝜓 𝑡 𝑂 𝜓 𝑡 〉



Eigenstate-thermalization hypothesis (ETH)

Even a single energy eigenstate is thermal

Srednicki, PRE 50, 888 (1994); Rigol, Dunjko, Olshanii, Nature 452, 854 (2008)

𝐸𝑖 𝑂 𝐸𝑖 ≃ tr[𝑂𝜌MC]

Believed to be true  (from numerical evidences)
only for non-integrable systems under reasonable assumptions
(e.g., local interaction, translation invariance,…)

Microcanonical average

Sufficient condition for thermalization!

Long time average= σ𝑖 𝑐𝑖
2 𝐸𝑖 𝑂 𝐸𝑖 ≃ tr[𝑂𝜌MC]



K. Kaneko, E. Iyoda, T. Sagawa, Bulletin of Physical Society of Japan (2018)

Integrable: XXZ, Non-integrable: XXZ +nnn
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Eigenstate fluctuation theorem

Conventional proof of the fluctuation theorem:

based on the assumption that the initial state of the heat bath is 
the canonical ensemble

Even a single energy eigenstate is thermal

Question

Is it possible to understand how the fluctuation theorem emerges 
from quantum mechanics without assuming the conventional 
statistical ensemble?

1=−e

Eigenstate thermalization hypothesis (ETH)

Our result

The fluctuation theorem holds even when the initial state of the 
heat bath is a single energy eigenstate.

Iyoda, Kaneko & Sagawa, PRL 119, 100601 (2017), PRE 105, 044106 (2022)



Setup

Total system: system S and bath B

Hamiltonian 𝐻 = 𝐻S + 𝐻B +𝐻I
Initial state 𝜌 0 = 𝜌S 0 ⊗ 𝜌B(0)

𝜌B 0 = | ⟩𝐸B ⟨𝐸B| energy eigenstate

Time evolution: unitary

The interactions are local. 

𝜌 𝑡 = 𝑈𝜌 0 𝑈†, 𝑈 = 𝑒−𝑖𝐻𝑡/ℏ, 𝜌S 𝑡 = trB 𝜌 𝑡 , 𝜌B 𝑡 = trS[𝜌(𝑡)]

Stochastic entropy production

Two-time measurement of 𝜎 𝑡 = −ln𝜌S 𝑡 + 𝛽𝐻B



Result

Long time regime 𝑡 > 𝜏Relax

Short time regime 𝑡 ≪ 𝜏LR

We theoretically and numerically show 𝑒−𝜎 − 1 → 0 in the 
thermodynamic limit in the short and long time regimes.

Key of the proof: ETH for 𝐻 and the rotating wave approximation

Key of the proof: ETH for 𝐻B and the Lieb-Robinson bound

Iyoda, Kaneko & Sagawa, PRL 119, 100601 (2017), PRE 105, 044106 (2022)

(in the absence of “absolute irreversibility”)
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Now on sale!

arXiv:2007.09974



Single-shot work bound: a resource-theoretic view

Idealized work storage (battery) W:
A two-level system with the initial and final states being pure.

Work does not fluctuate, which excludes any entropic contribution of W.

|0〉

|𝑤〉
S+B W

|0〉

|𝑤〉
S+B W

The work bound is given by the min and max divergences

𝜌G: Gibbs state

𝜌: Nonequilibrium state

By Gibbs-preserving maps 𝛽𝑤 ≥ 𝑆∞(𝜌||𝜌
G)𝛽𝑤 ≤ 𝑆0(𝜌||𝜌

G)

Horodecki & Oppenheim, Nature Commu. (2013); 
Aberg, Nature Commu. (2013)

𝑆0(𝜌| 𝜎 := − ln tr 𝑃𝜌𝜎 𝑆∞(𝜌| 𝜎 := ln 𝜎− Τ1 2𝜌𝜎− Τ1 2
∞



Reversibility in the single-shot case

𝜌G: Gibbs state

𝜌: Nonequilibrium state

By Gibbs-preserving maps 𝛽𝑤 ≥ 𝑆∞(𝜌||𝜌
G)𝛽𝑤 ≤ 𝑆0(𝜌||𝜌

G)

Thermodynamic reversibility fails in the single-shot scenario;

✓ 𝑆0 and 𝑆∞ do not match in general;  a mere cyclic operation requires work 𝑆∞ − 𝑆0.

✓ Thus, a single complete thermodynamic potential does not exist, except for 
equilibrium transitions.

Is it still possible to have a single thermodynamic potential 𝑆? that completely 
characterizes state convertibility in the necessary and sufficient manner,
in out-of-equilibrium and fully quantum situations?  
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Sketch of our result

Proved the existence of a thermodynamic potential
that completely characterizes state convertibility 
of a broad class of interacting quantum many-body systems 
with some physically reasonable assumptions, 
even for out-of-equilibrium and fully quantum situations.

Faist, Sagawa, Kato, Nagaoka, Brandao, Phys. Rev. Lett. 123, 250601 (2019)
Sagawa, Faist, Kato, Matsumoto, Nagaoka, Brandao, J. Phys. A: Math. Theor. 54, 495303 (2021).



Main result: Quantum ergodic theorem

Consider a many-body spin system on a lattice in any spatial dimension.

Hamiltonian: interaction is local and translation-invariant with Gibbs state 𝜌G

State 𝜌: spatially ergodic
The fluctuation of any macroscopic observable (e.g., the total magnetization) vanishes in the 
macroscopic limit; any macroscopic observable has a definite value (no phase coexistence).

Then, under a proper definition of the asymptotic limit given by information spectrum, 

𝑆0(𝜌| 𝜌
G ≈ 𝑆∞(𝜌||𝜌

G) ≈ 𝑆1(𝜌||𝜌
G)

where 𝑆1(𝜌| 𝜌
𝐺 : = tr[𝜌 ln 𝜌 − 𝜌 ln 𝜌G] is the Kullback-Leibler (KL) divergence.



Emergent thermodynamic potential

Under the foregoing setup, 𝐹1 𝜌 := 𝑆1(𝜌| 𝜌
G + 𝐹 serves as the nonequilibrium free energy:

𝜌 can be asymptotically converted into 𝜌′ by a Gibbs-preserving map with the work cost 𝑤,

if and only if 𝑤 ≥ 𝐹1(𝜌
′) − 𝐹1(𝜌)

Emergence of a thermodynamic potential for a complete characterization of state convertibility!

Note: A similar result, the emergence of a single thermodynamic potential, holds 
in the presence of “correlated-catalyst”

Shiraishi & Sagawa, Phys. Rev. Lett. 126, 150502 (2021).

Faist, Sagawa, Kato, Nagaoka, Brandao, Phys. Rev. Lett. 123, 250601 (2019)
Sagawa, Faist, Kato, Matsumoto, Nagaoka, Brandao, J. Phys. A: Math. Theor. 54, 495303 (2021).
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Symmetry-protected thermal equilibrium

N. Yunger Halpern et al., Nat. Commun. 7, 1-7 (2016).

Y. Mitsuhashi, K. Kaneko, & T. Sagawa, Phys. Rev. X 12, 021013 (2022).

Towards:
✓ Resource-theoretic perspective
✓ Non-commutative charges

Τ𝑒−𝛽𝐻−σ𝑖 𝜇𝑖𝑄𝑖 𝑍

Conventional case: 𝑄𝑖’s commute with each other.

L. Vidmar & M. Rigol, J. Stat. Mech. (2016).

When the system has an extensive number of charges 𝑄𝑖, 
the generalized Gibbs ensemble (GGE) has been investigated 
in the context of thermalization.

Our work



Our setup

𝑈,𝑄𝑖
tot = 0

e.g. Conservation of the total particle number/the total spin

Symmetry-respecting unitary

Local symmetry
Work 
Δ 𝐻

What if we restrict the operation 
to symmetry-respecting unitaries 𝑈?

cf. In Yunger Halpern et al. (2016), global constraints on the 
system and the charge storage are considered.

Global symmetry

Chemical Work Δ𝒲 ≔ Δ 𝐻 − σ𝜉𝑖𝑄𝑖

W. Pusz & S. L. Woronowicz, Comm. Math. Phys. (1978).

Unitary

Only the Gibbs ensemble satisfies this property. Work Δ 𝐻

𝜌 𝜌 𝜌 𝜌

Τ𝑒−𝛽𝐻 𝑍

Thermal equilibrium can be characterized by complete passivity.

A state is completely passive if one cannot extract work from 
multiple copies of the state by any unitaries.

Y. Mitsuhashi, K. Kaneko, & T. Sagawa, Phys. Rev. X 12, 021013 (2022).



Main result

Under continuous symmetry, a state is completely passive 
if and only if the state is a GGE.

Τ𝑒−𝛽𝐻−σ𝑖 𝜇𝑖𝑄𝑖 𝑍

Conservation of particle number 𝑁 Conservation of spins 𝑆𝑥, 𝑆𝑦, 𝑆𝑧

Grand canonical ensemble Non-commutative GGE

Τ𝑒−𝛽𝐻−𝜇𝑁 𝑍 Τ𝑒−𝛽𝐻−σ𝑖=𝑥,𝑦,𝑧 𝜇𝑖𝑆𝑖 𝑍

𝑄𝑖: Charges, 𝛽 ≥ 0, 𝜇𝑖 ∈ ℝ

✓Applicable to non-commutative charges.

Lead to flexible design principles of quantum heat engines? 

e.g. 

Y. Mitsuhashi, K. Kaneko, & T. Sagawa, Phys. Rev. X 12, 021013 (2022).



Proof Y. Mitsuhashi, K. Kaneko, & T. Sagawa, Phys. Rev. X 12, 021013 (2022).



Summary

• Interplay of the three approaches
provides rich insights
on quantum thermodynamics.

• Entropy is always a key concept, connecting 
thermodynamics and information.

Thank you for your attention!
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